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Abstract 



Introducing certain singularities, we generalize the class of one-dimensional stochastic differential 
equations with so-called generalized drift. Equations with generalized drift, well-known in the 
literature, possess a drift that is described by the semimartingale local time of the unknown 
process integrated with respect to a locally finite signed measure v. The generalization which we 
deal with can be interpreted as allowing more general set functions v, for example signed measures 
which are only <r-finite. However, we use a different approach to describe the singular drift. For 
the considered class of one-dimensional stochastic differential equations, we derive necessary and 
sufficient conditions for existence and uniqueness in law of solutions. 
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^sO; 1 Introduction and Preliminaries 

Throughout this paper, (17, J 7 , P) stands for a complete probability space equipped with a filtration 
F = (J-t)t>o which satisfies the usual conditions, i.e., F is right-continuous and J"o contains all sets 
from T which have P-measure zero. For a process X = (X t ) t >o the notation (X, F) indicates that X is 
F-adapted. The processes considered in the following belong to the class of continuous semimartingales 
up to a stopping time S and local times of such processes will play an important role. Therefore, in 
the Appendix we summarize some facts about continuous semimartingales up to a stopping time S 
and their local times, which we use in the sequel. By writing (A.), we refer to a formula or a result 
of the Appendix. 

In the present paper, our purpose is to investigate one-dimensional stochastic differential equations 
(SDEs) with generalized and singular drift in the framework of continuous semimartingales. In general, 
this kind of SDEs admits exploding solutions. Therefore, the convenient state space is the extended 
real line 1 = 1U {— oo, +00} equipped with the er-algebra 3§(R) of Borel subsets. 
SDEs with generalized and singular drift are of the form 



(1.1) 



X t = X + J Q b(X s ) dB s + J i£(t, y) df(y) 



*Work supported in part by the European Community's FP 7 Programme under contract PITN-GA-2008-213841, 
Marie Curie ITN " Controlled Systems" . 
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where b is a measurable real function and B denotes a Wiener processes. Furthermore, the function 
/ which appears as the integrator in the drift of Eq. (Il.ip is assumed to be non-negative, right- 
continuous and of locally bounded variation such that its reciprocal 1// is locally integrableO] We 
call a function / with these properties a drift function. Moreover, denotes a certain local time of 
the unknown process X specified in 

Definition 1.2. A continuous (R, ,^(R))-valued stochastic process (X, F) defined on a probability 
space (f2, J 7 , P) is called a solution of Eq. (jl.ip if the following conditions are fulfilled: 

(i) Xq is real- valued. 

(ii) X t = X tAS x, t > 0, P-a.s., where S* := inf{i > : \X t \ = +oo}H 

(iii) (X, F) is a semimartingale up to . 

(iv) There exists a random function on [0, S^) x R into [0, +oo) that is a version of the local 
time of X defined on {t < S^} in the sense of an occupation times density with respect to the 
measure m(dx) := 2f{x)dx, i.e., 

f h(X s )d(X) s = f h(x)L*(t,x)m(dx), t < S£, P-a.s. 

JO JR 

holds for all non- negative measurable functions h. Thereby, L^(.,x) is F-adapted for all x e R. 
Moreover, is P-a.s. continuous and increasing in t as well as right-continuous in x with limits 
from the left. 

(v) There exists a Wiener process (B,¥) such that Eq. Ql.ljl is satisfied for all t < P-a.s. 

Definition 1.3. We say that the solution of Eq. (|1.1[) (or of any other SDE appearing in the sequel) 
is unique in law if any two solutions (X \ F 1 ) and {X 2 , F 2 ) with coinciding initial distributions defined 
on the probability spaces (f2 , J 71 ,!* 1 ) and (f2 2 , J-" 2 , P 2 ), respectively, possess the same image law on 
the space Og{[0, +oo)) of continuous functions defined on [0, +00) and taking values in R. 

The F-stopping time in Definition [TT2] is called the explosion time of X. To distinguish between 

and the (right) local time L+, defined via (|A.2[) . we also use the expression (right) semimartingale 
local time when we refer to L-f . 

The idea to introduce such a local time in the context of SDEs for Dirichlet processes goes 
back to H.J. Engelbert and J. Wolf [S]. Moreover, it was already used by S. Blei [4] as a helpful tool 
in the investigation of an SDE for the <5-dimensional Bessel process for S G (1,2), which turns out to 
be an important example of an equation of type (|l.ip (see Section [5]) . 

By introducing certain singularities, the class of SDEs of the form generalizes the class of 
SDEs with so-called generalized drift. SDEs with generalized drift have the following structure: 

(1.4) X t = X + f b(X s ) dB s + f Lf(t, y) V {dy) , 

JO JR 

where & is a measurable real function and v denotes a set function defined on the bounded Borel sets 
of the real line R such that it is a finite signed measure on &([—N,N]) for every N g N. In this 
equation B stands again for a Wiener processes and denotes the right semimartingale local time 
of the unknown process X. Omitting condition (iv), the notion of a solution of Eq. (|1.4[) is introduced 
analogously to Definition 11.21 Clearly, equations without drift 

(1.5) Y t =Y + f a(Y s )dB s , 

Jo 

where a is as well a measurable real function, are a special kind of Eq. (1 1 .4[) . 

SDEs of type (|1.4[) with generalized drift have been studied previously by many authors. We refer 

^ere and in the following we use the convention 1/a = +00 if a = 0. 
2 inf = +00. 
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the reader to Harrison and Shepp [9], N.I. Portenko [13], D.W. Stroock and M. Yor [16] and J.F. Lc 
Gall [11], [12]. H.J. Engelbert and W. Schmidt [6], [7] derived rather weak necessary and sufficient 
conditions on existence and uniqueness of solutions to SDEs with generalized drift, which we recall 
in Theorem 11.101 below. More recently, R.F. Bass and Z.-Q. Chen [5] also considered SDEs of type 

G3D- 

We call the set function v in Eq. (|1.4j) drift measure and we always assume additionally 
(1.6) <\, xeR. 

Condition (jl.6|l is motivated by the fact that, in general, there is no solution of Eq. (|1.4[) if v({x}) > 
1/2 for some x £ M. The case v({x}) = 1/2 for some i£l corresponds to a reflecting barrier at the 
point x, which requires different methods to treat Eq. (|1.4p than by assuming (jl.6l) (cf. W. Schmidt 
|15j . R.F. Bass and Z.-Q. Chen [5]). In S. Blei and H.J. Engelbert [5] the reader can find a complete 
treatment of the features of Eq. (|1.4I) in the cases v({x}) > 1/2 and v({x}) — 1/2 for some 

To see how equations of type (II. lj) generalize equations of the form (|1.4j) . we consider the integral 
equation 

1-2/ g v (y-) v(dy), x>0 7 

J[0,x] 

1 + 2 / g v {y-)v{dy), x<Q, 

J(x,0) 

which has a unique cadlag solution g v . Note that for this statement condition (|1.6p is needed. More- 
over, g v is strictly positive as well as locally of bounded variation and the same properties also hold 
for the reciprocal function l/g v . The explicit form of the solution g v can be found in [7 , (4.26). 
Setting f v :— l/g„, integration by parts gives 

(i-8) ^y) = \fu l {y)^U{y). 

Taking any solution (X, F) of Eq. (|1.4[) . because of (|1.8p . its drift can be expressed as 

/ L$(t,y)v(dy)= [ \Ll{t,y)f^{y)Af v (y)- 
Jr Jr z 

Therefore, defining 

L^(t,y):=^L^(t,y)f-\y), (t, y) e [0, S*) x R, 

we can write ^ 

X t =X Q + [ b(X s ) dB s + f L*(t, y) d/„(y) . 
Jo Jr 

Furthermore, as an immediate consequence of the occupation times formula (IA.3I) for X, we obtain 
that satisfies condition (iv) of Definition 11.21 with respect to the measure m(dx) = 2f I/ (x)dx. 
Altogether, (X, F) is also a solution of Eq. (II. ip with diffusion coefficient b and drift function f u . 

Conversely, let us assume additionally that the reciprocal 1// of the drift function / in Eq. (jl.ip 
is also of locally bounded variation or, equivalently, that / and /_ have no zeros^] Then, defining v 
via (jl.8l) by using / on the right-hand side, we obtain a feasible drift measure v fulfilling (jl.6l) and 
Eq. (jl.ip reduces to an equation of type (|1.4|) with v as drift measure (see Remark 12.21) . Note that 
the corresponding function /„ = l/.g„, where g v is obtained via (11.71) . differs from / at most by a 
multiplicative constant. 

In contrast to Eq. (jl.4p regarded as an equation of type ([l.ip . one of the new features of Eq. (jl.ip 
is that we do not postulate that 1/ / is also of locally bounded variation. This is equivalent to allow 

3 For any real function / with left hand limits f(x—) we set f—(x) = f(x-), i£i 
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/ and /_ to have zeros. Responsible for the singularity of Eq. (jl.ll) . these zeros play an important 
role in the following analysis of Eq. We set F + := {x £ K : f(x) = 0} and F_ := {x £ R : 

f(x—) — 0}. From our assumption that 1// is locally integrable it follows immediately that the closed 
set F := F+ U F- is of Lebesgue-measure zero. Using an arbitrary drift function / analogously as in 
(Oil to define v(dy) := 1/2 /"%) d/(y)0 we obtain a set function i/ which is in general not a finite 
signed measure on 38([—N,N]) for every N £ N. Indeed, taking for example the drift function 

f(x) = l ( _ oo>0 )(a;) + \/xl(o t+00 ^(x), x £ R, 

for any N £ N, the corresponding f is a signed measure on 38(\—N,N\) which is only cr-finite. But 
as seen from the drift function f(x) = \/\x\, x £ R, it is also possible that v is no longer a signed 
measure on 3§([—N,N]) because for some sets it takes the value +oo and for other sets the value 
—oo. 

Besides these examples of a singleton F, it is of course possible that F is even an uncountable 
(e.g., Cantor like) set. Nevertheless, already in the case that F consists only of one point, surprising 
and interesting effects like skewness and reflection can be observed for solutions of Eq. (jl.ip . In the 
context of the complexity of the set F, it becomes clear quite quickly that, in general, solutions of 
Eq. (jl.ip go beyond the scope of semimartingales. But it is the objective of this paper to approach 
the problem in a first step keeping within the framework of semimartingales. 

The paper is organized as follows. We begin with stating some useful properties of the local time 

of a solution (X, F) of Eq. (jl.lj) in Section[3] Afterwards in Section|3]we investigate the structure of 
a solution (X, F) of Eq. (jl.l[> . In particular, we show the connection of Eq. (Il.l[) to another equation 
arising from a space transformation and prepare the study of existence and uniqueness in law of 
solutions of Eq. (jl.ip , which is done in Section 0] and [3] 

As preliminaries in the context of existence and uniqueness of solutions we briefly recall some 
known facts for the subclass of equations of type (11.41) . which we will use later. For any real measurable 
function h, we introduce the sets 

N h :={x£WL: h(x) = 0} 

and 

Eh :— {x £ R : / h~ 2 (y) dy — +oo for all open sets U containing x} . 
Ju 

The following property of a solution of Eq. (|1.4I) is proven in [7J, Proposition (4.34). For the special 
case of an equation of type (|1.5I) without drift, the corresponding statement can also be found in [7J, 
Proposition (4.14). 

Lemma 1.9. Let (X, F) be a solution of Eq. J l-4\ l- Then we have X t = X thD x , t > 0, P-a.s., where 

E b 

D^ b denotes the first entry time of X into the set Eb . 

The next result gives conditions on existence and uniqueness of solutions of Eq. (11.41) . For the 
proofs we refer to H.J. Engelbert and W. Schmidt [7J, Theorem (4.35) and (4.37) (see also [5], 
Theorem 3 and 4). These statements were established by reducing Eq. (|1.4j) to an equation of type 
(|1.5[) without drift. Hence, analogous statements for equations of type (|1.5I) . which are verified in [JJ, 
Theorem (4.17) and (4.22) (see also [B], Theorem 1 and 2), could be used to derive the results for Eq. 

(EH). 

Theorem 1.10. (i) For every initial distribution there exists a solution of Eq. if and only if 

the condition Ef, C Nb for the diffusion coefficient b is satisfied. 

(ii) For every initial distribution there exists a unique solution of Eq. {l-4ty if and only if the 
condition Eb — Nb for the diffusion coefficient b is satisfied. 

4 We always use the convention ■ +oo = and a ■ +oo = +oo, oEl\ {0}. 
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2 Properties of the Local Time L 



m 



In this part of the paper, for a solution (X, F) of Eq. we investigate the relation between the 

local time and the semimartingale local time L+. In particular, we will see that inherits 
useful, well-known properties of . 

Lemma 2.1. Let (X, F) be a solution of Eq. Then we have 

2 f(y±) Ll{t, y±) = L* (t, y), t<S*,yeR, P-a.sE 
Proof. Due to the occupation times formula (|A.3[) and Definition ll.2f iv) it holds 



h(y)L*(t,y)2f(y)dy= / h{y) L*(t,y) dy 



t < S* P- 



a.s. 



for every measurable function h > 0. This implies 

2 f(y) L*(t, y) = L*(t, y) A-a.e., t < S£, P-a.s. 
Using the continuity properties of the involved objects, we obtain the assertions of the lemma. 



□ 



Remark 2.2. By means of Lemma \2. II we can conclude: If the reciprocal 1/ / of the drift function 
/ is of locally bounded variation or, equivalently, if F = 0, then Eq. reduces to an equation of 
type (|1.4p . Indeed, using v(dy) := 1/2 f^ 1 (y) df(y) to define a feasible drift measure v which satisfies 
(fTTSj) . it follows 



Ll(t,y)df(y)= I L±(t,y) 



-x, 



1 



d/(j/)= / ^(t,t/)Kdy) 







2/(2/) 

for the drift part in Eq. 

From Lemma |2. II we obtain the following corollaries. The first one is obvious. 

Corollary 2.3. For a solution (X, F) of Eq. LO]j it ftoMs 

Lf(t,y) = ! t<5^, yeF ± , P-a.s. 

Corollary 12.31 shows that we always have L+(t,y) = if y G F + and L*(t,y) =0 iiy € F-. For 
L^, in general, this does not hold. In contrast, as seen from Lemma |2~T1 gives a precise description 



of the asymptotic behaviour of L^(t, y) f in the zeros of / and /_ 
Corollary 2.4. The local time of a solution (X, F) of Eq. fZHP satisfies 



L*(t,y±) = Qon \ y $ 



min max X s 

0<s<t 0<s<t 



* < P-a. 



Proof. It is well-known that for the semimartingale local times we have 



L%(t,y) = 0on |y 
From Lemma |2. II we see immediately 

L*(i,y±) = 0on (y $ 



min X s , max X 5 

0<s<t 0<s<t 



min X s , max X< 

0<s<t 0<s<t 



, t <C , P-a.s. 



UF , t<S£, P-a.s 



Since F has Lebesgue measure zero, the continuity properties of imply the desired result. 
5 Note that L*(t,y+) = L^{t,y), t < S*,, y e R, P-a.s. 



□ 
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Based on Corollarv l2.41 we use the convention Lj^(£, ±00) := 0, t < S*. 

Next we prove that, similar to property (|A.4[) of the semimartingale local times, the measures 
L*(dt, y) and £*(dt, y-) do not charge the set {0 < t < : X t ^ y). 

Theorem 2.5. Let [X, F) be a solution of Eq. U.l)) . Then, for every y £ R, L^(di, j/±) is carried 
by{0<t<S* :X t =y} P-a.s., i.e., 

f l {y} (X s )L^(ds,y±)=L^(t,y±), t < S*, i/el, P-a.s. 
Jo 

Proof. We prove the statement for L^j. The verification for the left-continuous version of can be 
done in an analogous way. Using property (|A.4I) of the semimartingale local time L^f and Lemma 
12.11 we conclude 

t {y} (X s )LX(ds,y) = ^ j\ {v} (X s )L^(d S ,y) 
- 2 f(y) L+{t ' V) 

= L*(t,y), t<S*, 2/GK\F+, P-a.s. 

Therefore, it remains to show that the asserted relation is also fulfilled for the points of the set F + . 
Let ilo £ T be such that P(f2o) = 1, Xo(ui) Slo, and with the property that, for all w £ flo, 

!/„(., .)(uj) satisfies ll.2r iv) as well as (|2.6[) . Given uj £ £7o and a € F + , we can, because F has 
Lebesgue measure zero, choose a sequence (y n )neN Cl \ F+ with < y„ and lim„^ +oc y„ = a. 
Moreover, let (Si)i 6 N C [0, +00) be an increasing sequence of real numbers with Si < S*(uj), iel, 
and limi_j. +00 Si = S^(uj). Then, for fixed i £ N 

L%(da,a)(u) and / L^(ds,y n )(u), n £ N, B6f([fl,Si]), 

are finite measures on ([0, Si], ^([0, Si])). Since L^(t, . )(w) is right-continuous in a for every i € 
[0, Si], the sequence of measures 

' £m(ds,2/n)Mj 

/ riGN 

converges weakly to the measure J L^(ds, a)(w). From the continuity of X.(ui), we obtain that the 
sets 

T k := [0, Si] n (X.(^))- 1 ((-ex), a - ± ) U (a + ±, +00)) , fc e N, 
are open in [0, Si]. By the weak convergence of the considered measures, for every k £ N it follows 

L*(ds, a)(u>) < liminf / L*(ds, y n ){u) . 



r n — ^ + 00 lr, 

J-k J J- 1 



Additionally, for every k £ N there exists an no(fc) G N such that y n £ (a — jk a+ r)j n. > no(fc), and 
together with (|2.6I) we conclude 



T, 



and therefore 

/ L*(da,o)(w)=0, fceN. 
Via the continuity from below of the considered measure we get 

L*(ds,a)(u)= L LX(ds,a)(u) 

k = l 

lim / L*(ds,a)(w) 



k— >-\-oo 
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Considering the measure on [0, S^(u})) and applying again the continuity from below, we finally 
observe 

L*{d8,a)(u)= L L^(da,a)(w) 

{te[0,S^(u))):X f (a))^ o } J U {te[0,Si]:X t (u)^a} 

X i 



I— f + OO 

= 



= lim / L m (ds,a)(a;) 

{te[0,Si]:X t (w)^a} 



Since a; £ an d ct € F + were chosen arbitrarily, the proof is finished. □ 

The last theorem allows us to conclude that the local time L^ is also P-a.s. continuous in the 
state variable except in the points of F_ . 

Corollary 2.7. Let (X,W) be a solution of Eq. U.l\) . Then it holds 

L*(t,y)=LX(t,y-), t < S*, y e R \ F_, P-a.s. 
Proof. Using property (|A.5|) and Theorem 12.51 we conclude 



L x (t,y)-L x (t,y) = 2 t {y} (X s ) L x (ds,z)df(z) 
Jo Jw 

= 2 f [ t {y} (X s )L x (ds,z)df(z) 



= 2/ L x (t,z)df(z) 

= 2L x (t,y) (f(y) - /(y-)), t < S x , y e R, P-a.s. 
Together with Lemma 12. f I this yields 

L x (t, y) - L x (t, y) = L x (i, y) - 2 L x (t, y) f{y-), t < S x , y € K, P-a.s., 

and finally 

L x (t,y) = ^—^L x (t,y)=L x (t,y-), t < S x , yeR\F_, P-a.s., 

the desired result. □ 

The last lemma which we give in this section is used below to infer the existence of certain 
stochastic integrals. 

Lemma 2.8. Let (X, F) be a solution of Eq. M.l)) . Then 

J JTyj Li(t, y) dy < +oo, t < S x , P-a.s. 

and 

rt /i \ 2 



J (j( X s)) d(X) s <+oo, *<S*, P-a.s. 



Proof. The occupation times formula for L x n implies 
rt / 1 \ 2 , / , x 2 



i Q™) d( - Y> -=/. 



L x (t,y)2f(y) dy 



(/(y). 

2 jf y^y £^(t, y) dy, t < S x , P-a.s. 
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Therefore, it is enough to show the first statement. Because of Corollarv l2.4l we have 

/ "77~T Ll {t,y)Ay= [ -f - L* (t , y) Ay , t < S*, P-a.s. 

JR J\V) J\ min X a , max X,\ J \V ) 

\0<S<t 0<B<t J 

Moreover, for P-a.e. u G fi and t < S^(uj) we can find a constant K t (uj) > such that L^(t, . )(w) 



is bounded by K t (uj) on 



min X.fa;), max A s (cj) 

0<s<t 0<s<t 



. For P-a.e. w G f2 and t < S^(uj) it follows 



1 f 1 

7TT L m(^y)H d y ^ K *M /r 1 7rrdy<+oo, 

Ai/J J min XJu), max X s (w) 

[0<s<t 0<s<t J 

where we used the fact that 1/f is locally integrable. □ 

3 Space Transformation 

As pointed out in the introduction equations of type (jl.4[) with generalized drift are contained as a 
special case in the class of equations with generalized and singular drift. Using a certain space 
transformation, the so-called Zvonkin transformation (see |17j ). it is well-known that Eq. (jl.4l) can 
be reduced to an equation (|1.5|) without drift. Based on the generalized Ito formula, this method 
has been used by many authors (see e.g. [2], [6], [7], [12], [H]) to study Eq. fj 1 .4|) . They were able to 
derive conditions on existence and uniqueness of solutions of Eq. (|1.4[) from the well-known criteria 
on existence and uniqueness of solutions of Eq. (|1.5[) . 

For the treatment of Eq. (11.11) we want to use a similar approach. A natural candidate for an 
appropriate transformation of Eq. (jl.lj) is the strictly increasing and continuous primitive 

of the locally integrable reciprocal 1/f of the drift function /. By H we denote the inverse of G given 
(G(— oo), G(+oo)). We extend the functions H, f, 1/f and b by setting 



H(x) 



+oo, x € [G(+oo), +oo], 
— oo, x G [— oo, G(— oo)], 



b(±oo) :— and /(±oo) := +oo . 



/(±oo) 
Clearly, H satisfies 

(3.1) H{x) = f (foH)(y)dy, xeR. 

Jo 

The open set R \ F can be uniquely decomposed into at most countably many open intervals, i.e., 

\F\ 

(3.2) R\ F = (J (a,i,bi) , where a u h G F U {-oo, +00} 

i=0 

ancjfl |F| G No U {+00} denotes the number of elements in F. Note that \F\ + 1 is just the number of 
intervals (a^, &i) in the representation f|3 . 2|) . Already in Corollarv l2.7l it turned out that the subset F_ 
of F takes up a special role. We remark that F is countable if and only if i<l is countable. Indeed, 
from (|3.2p the reader can see 

1*1 

{xGR: (i,i + £)nF/l, (x - e,x)HF ^0Ve > 0} = F\{J{a z ,b z } C F_ CJ?, 

i=0 



3 No = {0,1,2,...} 
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where on the left-hand side stands the set of all points which are accumulation points from the left 
and from the right in F. Hence, we can conclude. 

For a continuous (R, <5?(R))-valued process (Y,¥) we introduce the F-stopping time 

S£ (E) := inf{t > : Y t = G(+oc) or Y t = G(-oo)} , 

Now, in full generality, we can give the following structure of a transformed solution Y = G(X). 

Theorem 3.3. Let (X, F) be a solution of Eq. i 1.1]) with generalized and singular drift. Then the 
process (Y,¥) defined byY = G(X) is continuous with values in (JBl,&(JBL)) and stopped when it leaves 
the open interval 
satisfies 

\F\ 



, i.e., Y t = Y tAS r^ , t > 0, P-a.s. Moreover, setting a := (b/f) o H, then Y 



ft i i 

Y t =Y + a(Y s )dB s + y2(L^(t,ai)-L^(t,bi-)), 



t<SL 



where in case \F\ — +00 the process 



> +00 



^(L^a^-L^bi-)) 



, F 



si=0 



fulfils the relation 



lim sup 

0<t<T 



= 



m probability on {T < Sq,^-,} for all T > 0. 

Remark 3.4. We point out that the statement of Theorem [33] includes the existence of the stochastic 
integral appearing in the decomposition of Y , i.e., the property 

/ CT 2 (y s )ds < +oo, t < S Y m , P-a.s. 
Jo 

In particular, because |cr(a;)| = +oo, a; € G(F + n {b ^ O})0 from this follows that 

(3.5) f l G (F + n{Mo})(Ts) ds = 0, t < S Y {R) , P-a.s., 

Jo 

i.e., y has no occupation time in G(F + n {b ^ 0}) P-a.s. This can also be derived immediately from 
the fact that any solution (X, ¥) of Eq. has no occupation time in F + n {6 ^ 0}: 

/ lF + n{b^o}(^ s )ds= / l F+n{ ^o}(^)^ 2 (^)d(X) s 
Jo Jo 

L^(i,a;)^ 2 (a;) dx 

F+n{M0} 
= 0, i < S£, P-a.s., 

where we used the occupation times formula (|A.3[) and the fact that F + is of Lebesgue measure zero. 
Clearly, this also implies (|3.5[) . It might be uncommon to consider SDEs with diffusion coefficient a 
taking also infinite values. However, because of p. 51) we can alter a on G(F + n {b ^ 0}) by setting, 
e-g-, 

o- = a l]R\G(F + n{b#o}) + H-G(F + n{f>#o}) 



and replace tr by a without changing the statement of Theorem 13.31 In the following we still use 
a = (b/f) o H but keep in mind that, always when it is necessary, we can use an appropriate real- 
valued coefficient. In this context we also refer to Remark 13.191 

7 For A C R, G(A) denotes the image of the set A under G. 
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Proof of Theorem \3.3[ Since (X, F) is a solution of Eq. (jl.ip , the process (Y, F) is obviously continuous 
with values in (1, J?(E)) such that Y" € G(E) P-a.s. Clearly, 

S* = inf{t > : X t i R} = M{t >0:Y t (£ G(R)} = S£ (R) 

and from Definition II .2f ii) we obtain immediately 

F t = G(X t ) = G(X tAS *) = G(X tAS rJ = Y tAS r m , t > 0, P-a.s. 

To show the claimed structure of Y, one is tempted to apply the generalized Ito formula (IA.2|1 . but G 
restricted to R is, in general, not the difference of convex functions which is caused by the potentially 
non-empty set F. To overcome this difficulty, we use the decomposition (13.2[) of the open set R \ F. 
For every i G {0, . . . , |F|} n No we choose two sequences (p k ) k ^ and (q k )ken such that 

a i < Pk+i < Pk < ll < ll+i < b h G N, lim p\ = at and lim q\ = 6» 

k— >-+oo k— f+oo 

are satisfied and define 

1 - 1 

9n ,k := j lp JpUi) = g j fc G N, n € {0, ... , n No , 

as well as 

g n :=±l r ne{0,...,|F|}nN o . 
Moreover, we introduce the increasing and continuous functions 

G n>k (x):= [ g n< k(y)dy, xe% fc e N, ne {0, . . . , |F|} n N , 



and x 

G n (x);= I g n (y)dy, x € I, n € {0, . . . , n N . 
Jo 

Clearly, the non-negative right-continuous functions g n ,k, k € N, n € {0, . . . , |F|} fl No, are of locally 
bounded variation, since every summand in the finite sum of the definition of g n>k is of locally bounded 
variation. Therefore, for arbitrary n, k £ N we conclude that G n , k restricted to R is the difference of 
convex functions. Applying the generalized Ito formula (|A.2|) . we deduce 



G n , k {X t ) = G n , k (X ) + j g n , k (X s -)AX s + - / L* (t, y) dg n , k (y) 



( 3 - 6 ) =G n , k (X )+ / 9n , k (X s )b(X s )dB s + / g n , k (X s -) / L£(ds,y)d/(y) 



+ \ j L+(l ■//)< l.'7n /> (.'/)• 

i < 5q/ r n , fc € N, n £ {0, . . . , n No, P-a.s. For the third summand in this decomposition we 
obtain 

t r r pt 



gnAXs-) I L*(ds,y)df(y)= / / g n , k {X s -) L*(ds, y) df(y) 

g n ,k{y-) L m(^y) df(y), 



t < S^™, k € N, n e {0, . . . , |F|} n No, P-a.s., where we used Theorem 12.51 Moreover, integration 
by parts gives 

g n ,k(y-) L *(t,y)df(y)= I L^{t,y)d(g nik f)(y)- [ L^(t,y)f(y)dg n , k (y) 



Ll{t,y)d{g n , k f){y)-\ \ L+(t, .'/.! d//„./. (//)• 
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t < S'g(R)' ^ <= N, n £ {0, . . ., \F\} n No, P-a.s., where in the last step we have applied Lemma [2TT 
Finally, (|3.6p becomes 



t 



G„ >fc (X t ) = G n , k (X ) + / 3 „, fe (X s )&(X s )dB s + / L*{t,y)d(g n>k f){y) 







t < S^jj), fc G N, n G {0, . . . , |F|} n No, P-a.s. The integrator in the last term on the right-hand 
side has the following structure 

n 

9n,kf = 1 n = 2, 1 [„* „* V 

Hence, calculating this integral, we obtain 

(3.7) G„, fc (X t ) = G n , k (X ) + / ffn , fc (X a )&(* a )dfl a + V (L*{t,pi) - L^(t,q{)) , 

t < S£ (R) , k £ N, n £ {0, . . . , |F|} n No, P-a.s. 

Now, for arbitrary n £ {0, . . . , \F\} n No we pass to the limit fc — > +oo. We observe 

9n,k < 5n,fc+i < 7, fc G N, and lim g n ,k = 9n A-a.e@ 

J A:— >+oo 

Together with Lemma 12.81 this implies that the conditions of Theorem IA.8I are fulfilled. For every 
t > we obtain in probability 



Since clearly 



lim / g n , k {X s ) b{X s ) dB s = f g n (X s ) b(X a ) dB s on {t < S£ (R) }. 
^+°°Jo Jo 



lim G„,fc(x) =G n (x), x £ 

k— >+oo 



and because of the continuity properties of L^, for every t > 0, in addition we get in probability 
lim [G n , k (X t ) - G n , k (X ) - J2 ( L ^Pl) ~ 4))) 

n 

= G n (X t ) - G n (X Q ) - J2 (L*(t, a t ) - L*(t, &,-)) on {t < S£ (R) }. 

i=0 

Finally, passing to the limit k — > +oo in (|3.7D . for every t > we conclude 

G n (X t ) = G n (X ) + / g n (X s )b(X s )dB s +J2(L^(t,a l )-L^(t,b l -)) 

P-a.s. on {t < Sq^}. From the continuity in t of the involved processes and by the arbitrariness of 
n £ {0,..., |F|}nN it follows 

(3.8) G n (X t ) = G n (X ) + / g n (X s ) b(X s ) dB s + V (L*(t, a,) - L*(t, 6;-)) , 



t<S% m ,n£{0,...,\F\}n N , P-a.s. 

In case of a finite set F, i.e., |F| £ No, the claim of the theorem is proven. We only need to choose 
n = \F\. Then, since g\p\ = j A-a.e. and G\p\ = G, from (I3.8[) we conclude the desired form 

,t 1*1 

Y t = Y + a(Y s ) dB s + V (L*(t, a,) - L*(t, b t ~)) , t < S% (R) , P-a.s. 



A denotes the Lebesgue measure. 
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In case \F\ = +00, now we pass to the limit n 
Jn, " £ No, we have 



9i 



< 



9n+l 



< 



1 

7' 



n € N , 



and 



-00 in (|3.8p . By the definition of the functions 
1 



lim g n = 

n— ^+00 J 



A-a.i 



Again, together with Lemma 12.81 the assumptions of Theorem IA.8I are fulfilled. For every T > we 
derive 



lim sup 

1^+00 <t<T 



9n (X s )b(X s )dB s 



f b 

1 7 {Xs)dBs 



= 



in probability on {T < SY, (R \}- Since for all T > 



lim sup \G n (x) - G(x)\ = 0, K € N, 



holds true, from (|3.8p it follows 



lim sup 

»->+oo 0<t<T 



" / r* b 

(L^(t,Oi) - L*{t,hi-)) - G(X t ) - G(X ) - / 1 (X s )dB 6 



in probability on {T < Sw^}. Defining the F-adapted process 

+00 „ t , 

Y,{L^ ai )-L^{tM-)):=G{X t )-G(X Q )- / -(X s )d£ s , 

.■_n -/O / 



i=0 

we can conclude 



Y t =Y + / cr(y s ) dB s + V a,) - 6,-)) , t < 



* > 0. 



P-a.s. 



and the claim is also proven in case \F\ = +00. 



□ 



Note that in case of Eq. (|1.4p expressed as an equation of type (jl.ip the drift function is /„ as 
introduced before (ll.8p and the corresponding set F is empty. Hence, Theorem 1 3 . 3 1 cont ains the result 
(see e.g. [5], Proposition 1) that Eq. (11.41) can be transformed to an equation (|1.5D without drift. 
However, the special feature of Eq. (Il.ip is that, entailed by the set of singularities F, after applying 
the space transformation G it cannot be excluded that there remains a drift term. 

As announced in the introduction, in our investigation we want to stay in the framework of 
continuous semimartingales. In the semimartingale case we want to concretise the remaining drift 
appearing in the decomposition of Y = G(X). We point out in Theorem 13.141 if (Y,¥) = (G(X),¥) 
is a continuous semimartingale up to Sq™* then the decomposition of Y has the form 



(3.9) 



Y t = Y 



<r(Y s )dB s 



l G (F-)(Y s )dY s 



t < S}_ 



P-a.s. 



Consequently, under the a priori knowledge that Y is a semimartingale up to , in general, there 
remains a drift part that lives on the times when the process Y is in the set G(F_). Note, if (Y, F) is 
a continuous semimartingale up to Sqqq, then the term f Q 1-g(F-)(Y s ) dY s in (|3.9p is actually a drift, 
i.e., of locally bounded variation. Indeed, let 



(3.10) 



Y t = Y + M t + V t! 



be the unique continuous semimartingale decomposition (see (jA.ip ) of Y. Since F_ and therefore 
G(F-) are of Lebesgue measure zero, it follows immediately 



(3.11) 



/ t G (F-)(Y s )dY s = [ l G(F _ ) (Y s )dM s + f l G(i r_)(F s )dV s 
Jo Jo Jo 

= [ t G (F.){Y s )dV s , t < S% W) P-a.s. 
Jo 
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Furthermore, taking (|3.9[) into account, by the uniqueness of the continuous semimartingale decom- 
position of Y we conclude 

rt 



v t = [ l G(F _)(y s )dr s , t<s% m , p-a.s. 

Jo 



To handle the semimartingale case, we consider (13.91) as a self-contained equation and fix the 
following definition of a solution. 

Definition 3.12. A continuous (R, 3§(R)) -valued stochastic process (Y,¥) defined on a probability 
space (fij J-, P) is called a solution (up to the first exit from the open interval G(M)) of Eq. (|3.9p if 
the following conditions are fulfilled: 

(i) Y e G(R). 

(ii) Y t = Y tAS r m ,t>0, P-a.s. 

(iii) (Y,¥) is a semimartingale up to Sq,^. 

(iv) There exists a Wiener process (-B,F) such that Eq. (|3.9[) is satisfied for all t < Sgrm P-a.s. 

Before we characterize solutions (Y,¥) = (G(X),¥) of Eq. (|3.9I) by its semimartingale property, 
we show the following 

Lemma 3.13. Let (X, ¥) be a solution of Eq. M.l)) . If the transformed process (Y,¥) = (G(X),¥) is 
a continuous semimartingale up to Sq,^, then we have 

L*(t,x±) = -LZ(t,G(x)), t<S^ {R) , xeR, P-a.s. 

Proof. Obviously, the requirements of Lemma IA.7I are satisfied and together with Lemma 12.11 we can 
conclude 

Ll(t,G(x)) =LX{t,x)-^— ) =2L*(t,x±), t < S£ (M) , xtR\F, P-a.s. 

Finally, the continuity properties of L± and and the fact that F is of Lebesgue measure zero 
imply the claim. □ 

Theorem 3.14. Let (X, F) be a solution of Eq. iTO]) . Then (Y,¥) = (G{X),¥) is a solution of Eq. 
S3. 9\) if and only if (Y, F) is a continuous semimartingale up to Sq^, . 

Proof. Clearly, the necessity of the stated condition holds because of Definition 13.121 

Now we assume that (Y,F) = (G(X),F) is a continuous semimartingale up to S^^y Obviously, 
conditions (i) and (ii) of Definition 13.121 are satisfied. To establish condition (iv) we work, contrary 
to the proof of Theorem 13. 3[ with an alternative approximation of 1//. We define right-continuous 
functions g n , n £ N, of locally finite variation by 

g„ := j An, neN, 

and denote their primitives by 

G n (x) := / g n (y)dy, xeR. 
Jo 

Arguing in the same way as in the proof of Theorem 13.31 in (|3.6I) and the following calculations, we 
obtain 

G n (X t ) = G n (X ) + j g n {X s ) b(X s ) dB s 



(3-15) + / g n (X s -) I LX(ds,y)df(y) + l I L*(t, y) dg n (y) 

JO JR 1 JR 

= G„(A )+ / g n (X s )b(X s )dB s + f L*(t, y) d(g n f)(y), 
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t < S]£ (m , n G N, P-a.s. The relat 



ions 



g n < g n +i < 4, n e N, and lim g n = - , 

as well as Lemma T2.8I show that Theorem IA.8I can be applied. Hence, for every t > we conclude 

lim / g n (X s )b(X s )dB s = f ^-(X s )dB s = f a(Y a )dB s 
in probability on {t < Sq^}. Moreover, it holds true 

lim GJx) = G(x), xeR. 
Thus, for every t > from (|3.15p we obtain 

(3.16) lim [ L^(t,y)d(g n f)(y)=Y t -Y - [ <r(Y s ) d£? s =: E* 

in probability on {t < S@rg\}- Additionally, our assumption that (Y, F) is a continuous semimartingale 
up to Sq (s ^ allows us to apply Lemma 13.131 Therefore, for every n € N we get 

Ll{t,y)d{g n f)(y) = \ f L Y + {t,G{y))d{g n f){y) 



\f Ll(t,y)d((g n f)oH)(y), t < S% m , P-a.s. 
1 Jg(m) 



The functions (g n f) ° -ff , n € N, appearing as integrators in the last expression are right-continuous 
and of locally bounded variation on G(R). This implies that the continuous mappings I n : K — > M, 
n£N, defined by 

J n (z) := f ((g n f) o dy, x e I, n e N, 

Jo 

can be expressed as the difference of convex functions on G(R). Therefore, applying the generalized 
Ito formula (|A.2I) and using (I3.10[) . we conclude 



L^(t,y)d(g n f)(y) 
(3.17) = \ i_ Ll(t, y) d((g n f) o H){y) 



oi, 



= I n (Y t ) - I n (Y ) - / ((g n f) o H)(Y S ~) dM s - / ((g n f) o H)(Y S -) dV s , 
Jo Jo 

t < Sgmy P-a.s. Moreover, because of the relations 

((gnf) o H){y-) l G (R)(y) = min{l,ra(/oi?)(y-)}l G(R) (y) < L G(R) (y), 
t/el, ri € N, and 



as well as 



JnO-JSSnf) H)(V~) lG(R)(y) = l{ 3; eG(R):(/oH)(x-)>0}(y) ; 2/ ^ K, 



l{xeG(R): (/off)(i-)>o} — 1g(R) A-a.e. 



where we used the fact that F_ and hence G(F-) have Lebesgue measure zero, we can apply Theorem 
IA.8I again. For every i>0we conclude 

lim / {{g n f)oH)(Y s -)dM s = f 1 G(R) (Y.) dM s = M t 
n ^+°°Jo Jo 
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in probability on {t < Sq,^.}. Since additionally it holds g n f < g n +if, n G N, we have 

lim I n {x) = [ l G ( R) (y) dy = x, x € G(R), 

n-j-+oo J Q 

and 

n^+ocj ^9nf) O H)(Y s -)dV s = J l{ x £G(R):(/oH)(x-)>0}(^s)dV; 

= / lG(K)\G(f_)(^)dV s , t < Sam, P-a.s. 
Jo 

Summarizing these observations, from (|3.17l) we obtain 
lim / L*(t,y)d(g n f)(y) 



1 1— >-\-oo 



= lim J n (y t ) - J„(Y ) - / {{g n f) o dM s - / {(g n f) o H){Y S -) dV s 

= Y t — Y — M t — f l G(R )\ G ( F _)(n)dV; 
Jo 

i G( F_)(n)dv; 



in probability on {t < Sq^}. Comparing this result with (13. 16[) and using the continuity of the 
involved processes, we deduce 



S*=/ t G (F-)(Y s )dV s , t<S Y w , P-a.s. 
Jo 



Therefore, (£, F) is a continuous process of locally bounded variation on [0, Sq™-.). From the unique- 
ness of the continuous semimartingale decomposition it follows 

Y t =Y + f a{Y s )dB s + f t G (F_)(Y s )dV S) t < S%, M)) P-a.s., 
Jo Jo 

which we can rewrite (see (|3.11[1 ) as 

Y t =Y + f a{Y s )dB s + f l G(F _)(r s )dy s , t<S Y (VL) , P-a.s., 
Jo Jo 

and the proof is hnished. □ 

We now pass to the inverse H of the space transformation G which can be easily handled as we 
demonstrate in the following 

Theorem 3.18. Let (Y,¥) be a solution of Eq. iS.Sty . Then (X,¥) given by X = H{Y) is a solution 

to Eq. m\) . 

Proof. Clearly, condition (i) and, since 

Sg(r) = > : Y £ G(R)} - inf{i > : X t £ ffi} = S* , 

condition (ii) of Definition 11.21 are satisfied by X. From the representation (I3.1[) of H we see that 
H restricted to G(M) is the difference of convex functions. Therefore, applying the generalized ltd 
formula (|A.2[) . we obtain that (X, F) is a continuous semimartingale up to with decomposition 

X t = H{Y )+ [ (foH)(Y s -)dY s + l f Ll(t,y)d(foH)(y) 

JO 1 JG(R) 



H(Y ) + / [foH){Y s -)a{Y s )dB s 
Jo 

+ f (/o J ff)(y s -)l G(F _ ) (F s )dF s + i f Ll(t,G(y))df(y), 

Jo z JR 



t < P-f.f 
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Using (/ o H)(y—)t.Qrp_\(y) = 0, y E K, we see that the third summand on the right-hand side 
vanishes. For treating the second summand on the right-hand side, we remark that / has at most 
countably many discontinuities. Recalling the definition of a, we obtain 

/ (f o H)(Y S -) a{Y s ) dB s = f (foH)(Y s )a(Y s )dB s 
Jo Jo 

= f {foH){Y s )(boH)(Y s )(foH)- 1 {Y s )dB s 

Jo 

= f (boH)(Y s )dB s , t<S£, P-f.s., 
Jo 



where in the last step we used additionally that G(F+) is of Lebesgue measure zero. Hence, setting 

1 

2 

we can write 



L*(t, y) := - Ll(t, G(y)), (t, y) e [0, S£) x 



X t = X + f b(X s )dB s + [ L*(t,y)df(y), t < S£, P-a.s. 
Jo Jr 

Since (X, F) satisfies the conditions of Lemma IA.71 we obtain 

L^(t,y) = Ll(t,G(y))f(y)=Ll(t,y)2f(y), t < S*, y e R, P-a.s. 
Using the occupation times formula (|A.3|) . for every non- negative measurable function h it follows 



t 

x i 



h(X s )d{X) s = / h(y)Lf(t,y)dy 
o Jr 

= [ h(y)L^(t,y)m(dy), t < S*, P-a.s. 
Jr 

Clearly, L^j also fulfils the desired continuity properties of Definition 1 1 . 2 f iv) . □ 

Remark 3.19. Replacing a by the real-valued coefficient a defined in Remark 13.41 does not change 
Eq. (|3.9p . This follows from the fact that any solution (Y, F) of Eq. (|3.9p (for a as well as for a) has no 
occupation time in G(F + n {b j£ 0}), which can be verified by the occupation times formula (cf. proof 
of l[3.5p ). For this it is important that, as a, the coefficient a is different from zero on G(F + n {b ^ 0}). 
Otherwise, there would be also allowed solutions which are sticky in G(F + n {b 7^ 0}), i.e., solutions 
with a strictly positive occupation time in this set. However, in this paper we will not deal with sticky 
solutions. 

Motivated by our intention to keep within the class of semimartingales, we now introduce the 
notion of a good solution of Eq. . 

Definition 3.20. We say that a solution (X,¥) of Eq. JTIJ) is good if (Y, F) = (G(X),¥) is a 
continuous semimartingale up to Sqq^ . 

Now the question arises: Under which conditions is (X, F) a good solution? As a first result we stress 
the role of the process ( (X}i=oC^m(*> a i) ~ ^m(*> bi~ ))) t>0 > ^) wri ich appears in Theorem 13.31 in the 
decomposition of (Y,F). The following characterization of a good solution is just a reformulation of 
Theorem 13. 141 Indeed, we only need to follow the proof of Theorem 13. 141 

Theorem 3.21. A solution (X,¥) of Eq. {HP is good if and only if Ei=o( L m( ■ » «*) ~ L m( ■ » 
is of locally bounded variation on [0, S^/mO- In that case, for (Y,¥) = (G(X),¥) it holds 



,i \F\ 

/ l G(F _ ) (Y s )dY s = ^(L^(. ) a i )-^(.,6 i -)) ) t<S^ ( 
Jo 
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Under additional assumptions on the set F of singularities we can improve the preceding Theorem. 
For F consisting only of isolated points we have 

Theorem 3.22. Suppose that \F n [-N,N]\ < +00, N £ N. Then every solution (X,¥) of Eq. f7j]) 
is good. 

Proof. To prove the result, we use Theorem l3.21l If F is finite, then the finite sum J^i=o(-^m( ■ ' ai ) ~ 
. , hi—)) is obviously of locally bounded variation on [0, Sq™\ Therefore, (G(X), F) is a solution 
of Eq. ([33)1 . In case of an infinite set F satisfying \F n [-N, N]\ < +00, N £ N, for arbitrary N £ N 
we define the F-stopping time Tjv := inf{t > : X t ^ [— N, N]}. Using Corollary 12.41 for arbitrary 
t > it is 

n 

lim ^(LZfaaJ-LZfabi-)) = E ( L *(*> a ^ ~ £ m(*A~)) , t <T N , P-a.s. 

i=0 a;,b;e[-iV,iV] 

and the sum on the right-hand side is finite. Additionally, since {t < T/v} C {t < S 1 ^}, by Theorem 
13.31 we have 

n +00 

lini E ( £ £(*> a *) - 6 '-)) = E a >) - L ^ bi ~)) 

n— >-+oo g * z — » 7 
i=Q i=Q 

in probability on {t < T/v}. Therefore, using the continuity of the involved processes, we conclude 

+00 

Y,(L*(t,a i )-LX(t i b i -))= E ( L m(t,ai)-L^(t,bi-)), t < T N , P-a.s. 

i=0 ai,bi£[-N,N] 

But since N £ N was chosen arbitrarily and since T/v t ^g(R)' ^ — * +°°' holds, this means that 
(SS" (-^to(*) a ») — ))J * s of locally bounded variation on [0, Sq^q), and hence (G(X), F) 

is a solution of Eq. (1331) . □ 

Under the assumption that the set F is countable, we can get more insight in the structure of the 
drift part of (Y,F) = (G(X),¥) for good solutions (X,¥) of Eq. ([TTTj) . 



Proposition 3.23. Suppose that F is countable. Let (X, F) 6e a (700c/ solution of Eq. U.lJjj . Then, 
for the solution (Y, F) 0/ i?g. defined by Y = G(X) it holds for all t < P-a.s. 



flG^YjdY^ {.Ll{t,a)-Ll{t,a-))=\ £ (L^(t,a) -L^o)) . 

aeF_ aeG(F_) 

Proof. By V we denote the process of locally bounded variation in the semimartingale decomposition 
of Y. Using p. lip and property (|A.5|i . we obtain 



l G (F_)(n)dF.= / l G(F _)(F s )dy s 
Jo 

(3.24) = E f^{a}(Y s )dV s 

= 9 E (^(*,a)-lZ(i,a)), t<Sl m , P-a.s. 



a£G(F_) 

which together with Lemma 13.131 ends the proof. □ 

Remark 3.25. The assumption of Proposition 13.231 that F or, equivalently, F_ is countable is 
essential in (|3.24[) . Indeed, if the set of Lebesgue measure zero F_ is uncountable, the same holds for 
G{F-). Hence, besides a singular discrete part, dU s can have a singular continuous part. 
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We now come to a characterization of good solutions (X, F) of Eq. (jl.lj) for countable sets F for 
which its accumulation points 

F A := {x e F : Ve > 3 y e F n (x - e, x + e), y 7^ x} 

are isolated. 

Theorem 3.26. Suppose that \F A n [— iV, TV] | < +00, AT e N. Then (X,F) is a c/ood solution of Eq. 
M.l\) if and only if the following conditions are fulfilled: If F— is infinite then 

(*) l L m(M) -L%(t,a-)\ < +co, t< S*, P-a.s. 

aG_F_ 

(ii) For any enumeration {a±, 0,2, .. .} ofF-, the sequence (X)™=i(^m( • > a «) ™ ■ > ai ~))) n eN °^ 
processes converges P-a.s. locally in variation on [0,5^). 

Proof. The proof of this theorem is rather technical and is therefore omitted. The interested reader 
is referred to S. Blci [3 , Satz 2.3.62. □ 

To finish this section, we remark that by our observations, particularly Theorem 13.211 it is rea- 
sonable to conjecture that a complete analysis of Eq. (Il.l[) goes beyond the class of semimartingales 
and, consequently, should be envisaged in the richer class of local Dirichlet processes. 



4 Symmetric Solutions — Existence and Uniqueness 

In the next two sections we proceed with the systematic investigation of existence and uniqueness of 
good solutions of Eq. (|1.1[) . We need the following preparatory lemma, which compares the sets A^ 
and Ntr as well as E b /^j and E a , as introduced before Lemma |1 .91 

Lemma 4.1. We have AT£ = G(A^ C ) and E% = G{E c b/ ^j). 
Proof. The first equality is obvious. To show the second assertion, we observe 

£5C(G(-oo),G(+oo)) 



and, using (|3.1 



o-- 2 (y)dy = f (boH)- 2 (y)(foH)(y)dH(y) 
Ju 

b- 2 (y)f(y)dy 



H{U) 

for every open subset U C (G(— 00), G(+oo)). Since G and H are continuous on M and 
(G(— 00), G(+oo)), respectively, the proof is completed. □ 

We recall that Corollary 12.71 reveals that the local time of a solution (X, F) of Eq. (11. lj) is 
continuous in the state variable except in the points of F-. In this section, as a first step, we are 
interested in solutions of Eq. fll.lt which possess a continuous local time L^ r 

Definition 4.2. A solution (X, F) of Eq. (|1.1[) is called symmetric if its local time is continuous 
in the state variable. 

This notion is motivated by the obvious fact that the local time of a solution (X, F) of Eq. (jl.lj) 
is continuous in the state variable if and only if the local time L^j is symmetric, i.e., coincides 
with the symmetric local time L^(t, x) := (L^(t,x) + L* l (t,x—))/2, t < S^, x € K. 



18 



Proposition 4.3. (i) Let F be countable. If (X,¥) is a symmetric good solution of Eq. (1.1)) . then 
(Y,¥) = (G(X),¥) is a solution of Eq. {0|) with a = (b/f) o H. 

(ii) Conversely, for arbitrary F it holds: If (Y,¥) is a solution of Eq. (1.5)) with a — (b/f) o H, 
then (X, F) = (H(Y),¥) is a symmetric good solution of Eq. (1.1)) . 

(iii) Suppose \F A n [— iV, JV] | < +oo, N e N. Then any symmetric solution (X, ¥) of Eq. (1.1)) is 
also a good solution, and hence (Y, F) = (G(X),¥) is a solution of Eq. (1.5)) with a = (b/f) o H. 

Before we prove Proposition ^. 31 we give the auxiliary 

Lemma 4.4. The process (Y,F) is a solution of Eq. (1.5)) with a = (b/f) o H if and only if (Y,¥) is 
a solution of Eq. (3. 9)) satisfying 

(4.5) / 1 G ( F -)(Y B ) dY s = 0, t< SL m) , P-a.s. 



Proof. Let (Y, ¥) be a solution of Eq. (Q3J) with a = (b/f) o H. Since E% C G(R), from Lemma ITU 
it follows Y t = Y tAS v , t > 0, P-a.s. Moreover, G(F-) is of Lebesgue measure zero, and hence (|4.5[) 

follows immediately. Therefore, (Y, ¥) is also a solution of Eq. (|3.9p . 

Conversely, if ( Y, F) is a solution of Eq. (13.91) satisfying (|4.5I) , then we have 



Y t = Y + f a(Y s ) dB s , t < s£ (H) , P-a.s., 
Jo 



and by similar arguments as used in the proof of [7J, Proposition (4.29), it can be shown that for 
arbitrary t > the last equality also holds on {S^^ < t < S^}. Hence, (Y,¥) is a solution of Eq. 
CU2). □ 



Proof of Proposition \4-3) Assertion (i) follows directly from Proposition 13.231 and Lemma 14.41 

If (Y,¥) = (G(X),¥) is a solution of Eq. JT3]) with a = (b/f) o if, then Lemma SU implies that 

(Y,F) is also a solution of Eq. ([3T9"J) . Hence, from Theorem we obtain that (X,F) = (iJ(F),F) is 

a good solution of Eq. (|l.ip . Moreover, combining (|A.5|) for Y and Lemma T3. 131 we see that (X,¥) 

is also symmetric and (ii) is proven. 

Statement (iii) can now be deduced with the help of Theorem l3.26l Indeed, if (X, ¥) is a symmetric 

solution of Eq. (|l.ip then the sums appearing in the conditions (i) and (ii) of Thcorcm l3.26l are P-a.s. 

equal to zero. Therefore, (X, ¥) is good and we can apply (i). □ 

Concerning the existence of symmetric good solutions of Eq. (|1.1[) . we can state the following 

Theorem 4.6. (i) Let F be arbitrary. Suppose E b j^j C 7V& is satisfied. Then for every initial 
distribution there exists a symmetric good solution of Eq. (1.1)) . 

(ii) Let F be countable. Then for every initial distribution there exists a symmetric good solution 
of Eq. (1.1)) if and only if the condition E h j C Nj, is satisfied. 

Proof. To prove (i) and the sufficiency of the condition E b j^j C N b in (ii), we choose an arbitrary 
initial distribution fi. Lemma [4.11 implies that E a C N a holds, too. Hence, by Theorem II .lOf i). Eq. 
(|1.5[) with diffusion coefficient a = (b/f) o H possesses a solution (YjF) with initial distribution 
(io G^ 1 . Now from Proposition 14.31 it follows immediately that (X, F) = (H(Y),¥) is a symmetric 
good solution of Eq. (jl.ip with initial distribution /i. 

To prove the necessity of E b /^j C N b in (ii), we fix xq € E h j rj and take a symmetric good solution 
(X,¥) of Eq. (dHJ) started at X = x Q . From Proposition g^i) we obtain that (Y,F) = (G(X),¥) 
is a solution of Eq. (|1.5[) with diffusion coefficient a — (b/f) o H and initial value Yq = ya = G(xo). 
Moreover, via Lemma 14.11 it follows yo € E a . Hence, Lemma 11.91 implies Y t = yo, t > 0, P-a.s. 
Therefore, we conclude 

(4.7) 0= / a 2 (Y s )ds = a 2 (y )t, t>0, 

Jo 

from which we see yo £ N a . By the arbitrariness of xq G E h j s j-j we conclude G(E b /^j) C N a and via 
Lemma T4. II we obtain E b j^j C N b . □ 



19 



Now we treat the question of uniqueness of symmetric good solutions of Eq. JO}. 

Theorem 4.8. (i) Let F be arbitrary. Suppose E h j s jj C N b . If for every initial distribution Eq. hl.l)) 
possesses a unique symmetric good solution, then it holds E b t^j = N b . 

(ii) Let F be countable. Then for every initial distribution Eq. 11. 1)) possesses a unique symmetric 
good solution if and only if the condition E b j^j — N b is satisfied. 

Proof. First, we show (i) and the necessity of = N b in (ii). To this end, let us assume that, for 

every initial distribution, Eq. (II. ip possesses a unique symmetric good solution. In case of a countable 
set F by means of Theorem I4.6f ii) this implies E b ,^/j Q Nb- For uncountable F we suppose that 
F h j C Nf, holds. Now we accomplish this part of the proof by contraposition. Let us assume that 
F h j^-f = Nb docs not hold, i.e., there exists an x 6 E^,yjf]N b . Then, clearly, X = xq is a symmetric 
good solution of Eq. (11.11) . On the other hand, we can also find a non-trivial symmetric good solution 
of Eq. (jl.lj) started at xo. Indeed, because of Lemma 14. 11 E b j^j C Nb implies E a C N a . Hence, there 
exists the so-called fundamental solution (Y, F) of Eq. (|1.5I) with diffusion coefficient a = (b/ f) o H 
started at yo = G(xo) S E^ fl N a and Y is non-trivial (see [7J, Definition (4.16) and Theorem (4.17)). 
Finally, via Proposition 14. 3f ii) we conclude that (X, F) — (H(Y),¥) is a non-trivial symmetric good 
solution of Eq. ()1.1[) with initial point xq . 

To show the sufficiency of E b , y jj — Nb in (ii), we take two symmetric good solutions (X J ,F*), 
i — 1, 2, of Eq. (11.11) defined on (ft 1 , T % , P l ), i = 1,2, which possess the same initial distribution. Then 
from Proposition H^i) it follows that (Y\ ¥ l ) := (G(X l ), F 4 ), i = 1, 2, are two solutions of Eq. (fi~5j) 
with a = (b/ f) o H and identical initial distributions. Now we take a sequence of intervals [a n ,b n ], 
neN, such that 

(4.9) K, M C [a n+1 ,b n+1 ] C G(M), neN, and |J [a n , b n ] = G(R) 

and define the F-stopping times S l n := mi{t > : YJ ^ (a„, b n )}, n S N, i = 1, 2. For arbitrary n G N 
we set F/' n := F/ AS , , t > 0. Then it holds 

(4.10) Y? n = Y* + / o n {Yi< n ) dB l s , t > 0, P J -a.s., i = 1, 2, 

Jo 

where a n :— al.( ani b n ) and -B', i = 1,2, is the corresponding Wiener process. That means, (y v ' l ,F), 
i = 1,2, are solutions to the same equation of type (|1.5p with identical initial distribution. Moreover, 
via Lemma [4.11 we obtain E a — N a , and hence we have E Sn — N an . Applying Theorem ll.lOf ii). 
we conclude that Y l,n and Y 2 ' n have the same distribution on CW([0, +oo)). This implies that the 
distributions of Y 1 and Y 2 coincide on Cs„-, where C = (Ct)t>o is the filtration generated by the 
coordinate mappings Z = (Z t )t>Q, 

Z t (u) = u(t), u e C s ([0, +cx>)), t > 0, 

and S n := inf{t > : Z t (a n ,b n )}. Finally, it follows easily that the distributions of Y 1 and Y 2 
coincide on CW([0, +oo)). Hence, we conclude that the distributions of X 1 and X 2 coincide, too. □ 

If the set F satisfies the condition that F A consists only of isolated points, then from Theorem 
I4.6f ii) and I4.8f ii) and Proposition 14. 3f ii) we get immediately 

Corollary 4.11. Suppose \F A n [— N, N]\ < +oo, N e N. Then the following statements hold. 

(i) For every initial distribution there exists a symmetric solution of Eq. hl.l)) if and only if the 
condition E b , C N b is satisfied. 

(ii) For every initial distribution there exists a unique symmetric solution of Eq. 1 1.1)) if and only 
if the condition E h j = Nb is satisfied. 
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5 Skew Solutions — Existence and Uniqueness 



In this section, we want to study good solutions (X, F) of Eq. (|1.1|) which, in general, do not possess 
a continuous local time L^. We start with an important example of an equation of type and 
illustrate a new feature of equations of type (|1.1[) compared with equations of type (|1.4[> . The example 
shows that, even in the case E b ^^rj = Nf,, or stronger Eb = Nj,, there are, in general, solutions of 
Eq. (|1.1[) which are different in law. Note that the uniqueness result of Theorem 14.81 was achieved by 
considering only symmetric solutions of Eq. (jl.ll) . The example will provide us with a whole variety 
of (good) solutions and will give us an idea for an approach to Eq. (jl.lj) more general than in Section 

SI 

Fixing 8 £ (1, 2) and xq g K, a typical example of an equation of type (jl.ip with generalized and 
singular drift is the Bessel equation which is satisfied for x$ > by the (5-dimensional Bessel process. 
Classically, this is an equation with ordinary drift (see D. Revuz and M. Yor [13], Ch. XI, §1): 

(5.1) X t = x + B t + [ ^ds, 

JO ^ 

where the notion of a solution of Eq. (|5.ip is introduced analogously to Definition (|1.2I) , but condition 
(iv) is omitted. Using the drift function fs(x) — | a? | 5 1 , x € R, Eq. (|5.ip coincides with 

(5-2) X t =x Q + B t + f L^(t,y)df 5 (y) . 



Indeed, for any solution (X, F) of Eq. (|5.2[) . taking dfs(y) = (S — 1) y 1 fs{y) dy and the occupation 
times formula of Definition 1 1 . 2f iv) into account, with m given by m(dy) — 2 f$(y) dy, we obtain 

L*(t, y) df s (y) = f 6 —± L*(t, y) m(dy) 

(0,+oo) J(0 : +oo) L V 

(5-3) = J*^j±l {0i+oo) (X a )d(X) a 

= J q y^-l ( o,+oo)(^ s )ds, t<S*, P-a.s. 

Analogously, we have 

(5-4) f L%(t,y)df s (y)= l ( -oo,o) (X s )ds, t < s£, P- 

J(-oo,0) JO ZJl s 



a.s. 



On the other hand, it was shown in S. Blei [1], Proposition 2.19, that for any solution (X, F) of Eq. 
(|5.1[) there exists a local time that satisfies the requirements of Definition ll.2f iv) with respect to 
the drift function fg. Therefore, for any solution (X, F) of Eq. (|5.ip the equalities (I5.3p and (15.41) hold 
as well. In addition, if (X, F) is a solution of Eq. (|5.ip or Eq. (I5.2p . then X has no occupation time 
in zero, which is an immediate consequence of the occupation times formula 1A.3|) : 



[ t {Q} (X s )ds= [ t {0} (X s )d{X) s = [ LX(t,y)dy = 0, t < S*, P-a.s. 
Jo Jo J{0} 

Hence, from (15.31) and (I5.4p we obtain that any solution (X, F) of Eq. (|5.ip or Eq. (|5.2I) satisfies 

(5 1 /* 

i, 2A 7 : ds = J R L ™ ( *' y) d/<5(y) ' t<s *> p - a - s - 



Consequently, Eq. (I5.ip coincides with Eq. (|5.2p . Additionally, explosion does not occur. Indeed, for 
any solution (X, F) of Eq. (|5.ip we see that the process X 2 satisfies 



X? = x 2 + 2 / y/xj dB s +St, t<s£,P- 
Jo 



a.s. 
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which is an immediate consequence of the Ito formula and the relation — . Since the coeffi- 
cients of this equation possess at most linear growth, explosion does not occur, i.e., = = +00 
P-a.s. 

Using the primitive Gg of 1/fg and the fact that we have F = F_ = {0} for fg, Theorem 13.221 
states that for any solution (X, F) the transformed process (Y,¥) = (Gg(X),¥) is a solution to 



(5.5) 



Y t = y + f <Js(Y s ) dB s + f 1 {0} (Y S ) dY s 
Jo Jo 



where yo = G(xq), erg = 1/ fgoHg and Hg denotes the inverse of Gg. Additionally, applying Proposition 
13.231 the drift can be rewritten as 

(5.6) J l {0} (Y s )dY s = ^(Ll(t,0)-L y :(t,0))=L^(t,0)-L^(t,0-), t > 0, P-a.s. 

These jumps of the local time are a degree of freedom and are responsible for the non-uniqueness 
of solutions of Eq. (15. 2[) . Indeed, in [JJ, Theorem 2.22, (in connection with [JJ, Remark 2.26(h)) it is 
shown that, for every a £ (—00, i), the equation 



(5.7) 



X t = x + B t + f L%(t,y)dfs(y), 
L£(t,0)--&£(*,0-) = 2 0), 



possesses a unique solution, the so-called skew <5-dimensional Bessel process with skewness parameter 
a started at xq. For a = the solution is, in correspondence with Sectional also called the symmetric 
5-dimensional Bessel process started at xo- Clearly, for every a € (—00, i) we obtain solutions of Eq. 
(15.21) different in law although we have Eb = = and (|5.6p becomes 



(5-8) f t {0} (Y s )dY s =aLl(t,0) = 2aL*(t,0), t > 0, P-a.s. 

Jo 

In addition, we remark that Eq. (|5.7p can be also considered for a = 1/2. In that case, for a positive 
starting point xo > we obtain the (5-dimensional Bessel process as the unique solution of Eq. (|5.7j) , 
which stays positive and which is reflected to the positive half line at zero. For a negative starting point 
xo < we obtain as well a unique solution that behaves like the Bessel process after it has reached 
zero, which happens with probability one. But in the following, we exclude the case of reflection. 
Moreover, as pointed out in [4], Lemma 2.25 and the remarks before, for a parameter a > 1/2 there 
is no solution of Eq. (|5.7|l . 

Now we come back to the general equation JO)- Taking a good solution (X, F), the process 
(y,F) = (G(X),¥) is a solution of Eq. (|3"l?]l . If F is countable, via Proposition ET2U1 we obtain 
additionally 

[ t l a(F _ ) 0r a )dY. = ± ]T {L Y + {t,a)-L Y _{t,a))= £ (L*(t,a) - L*(t,a-)) . 

As in the example of the Bessel equation (|5.2[) . the jumps L^(t, a) — L^ l {t 1 a—) of the local time 
in the points of the set F_ are not determined by Eq. (jl.l[) . For this reason, we adopt the concept 
of fixing these jumps similar to (|5.7I) . In this way, we put more information on the structure of the 
part L t-G(F-) (Y s ) dY s of locally bounded variation appearing in Eq. (|3.9p . To realize this idea, we 
consider a set function v defined on the bounded Borel sets such that v is a finite signed measure on 
3$(\— N, N]) for every N £ N. Moreover, we assume that v has no mass on Ft, i.e., 

\v\(Fl n [-N,N]) = 0, N£N, 
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where \v\ denotes the total variation of v. By means of v, we control the jump sizes of L^j in the 
points of F- . For this purpose, we consider the equation 

(i) X t = X + [ b(X s )dB s + [ L*(t,y)df(y), 
(5.9) < Jo Jm. 

LZ(t,a)-LX(t,a-) = 2LX(t,a)v({a}), a e F_ . 

The notion of a solution of Eq. (I5.9[) is introduced as in Definition 11.21 but in addition we require 
that Eq. (|5.9p (ii) holds for all t < S^ P-a.s. Motivated by the observations in the example of the 
Bessel equation (|5.7|) . we come to the following 

Definition 5.10. A solution of Eq. (|5.9[) is called a skew solution of Eq. with skewness parameter 
v. 

In particular, using v = in Eq. (I5.9[) . we describe symmetric solutions of Eq. (|1.1[) . 

Denoting by v G :— v o G _1 the image of v under G : M. —> R, we concretise our results concerning 
the space transformations G and H in the new situation of Eq. (|5.9[) . 

Proposition 5.11. (i) Let F be countable. If (X, F) is a skew good solution of Eq. with skewness 

parameter v , then (Y,¥) — (G(X),¥) is a solution of Eq. H3.9\) . which satisfies 

(5.12) f l G(F _)(y s )dY s = [ Ll(t,y)v G (dy), t < 5^ (R) , P-a.s., 
Jo Jr 

or, equivalently, 

(5.13) Y t = Y + [ a(Y s )dB s + f L Y + {t, y) v G {dy), t < SL M) , P-a.s. 

Jo Jr 

(ii) Conversely, for arbitrary F it holds: If (Y,¥) is a solution of Eq. \3. 9\) which satisfies I5.1ty) 
or, equivalently, i5.13\) . then (X, ¥) = (H(Y),¥) is a skew good solution of Eq. with skewness 

parameter v . 

(Hi) If F is countable, in both statements (i) and (ii), h5.12\) is as well equivalent to 



(5.14) L Y + {t,a)-L Y _{t,a) = 2L Y + {t,a)v G {{a}), t < S% m , a € G(F_), P- 



a.s. 



(iv) Suppose \F A n [~N,N}\ < +oo, N € N. Then any skew solution (X, ¥) of Eq. with 
skewness parameter v is also a good solution, and hence (Y,¥) = (G(X),¥) is a solution of Eq. VS. 9) 
satisfying A5.1ty) . 

Proof. For any solution (Y,¥) of Eq. (|3.9[) . the relations (|5.12p and (|5 . 1 3[) are of course equivalent. 
Moreover, using (|A.5|) and (|A.4j) . ([57T2]) implies 



Ll(t,a)-L Y (t,a) = 2 / l {a} (Y s ) / L Y (ds, y) f (dy) 
Jo Jr 

^2L Y {t,a)u G {{a}), t < S Y (R) , aeG(F_), P-a.s. 
Conversely, if F is countable, by the same arguments as in (|3.24[) it is 

f t G{F _){Y s )dY s = \ (L Y (t,a)-L Y (t,a)), t < S% m , P-a.s. 

and (|5.14p implies 



(5.15) 



ri G( ^)(y s )dy s = J2 L Y + (t,a)v G {{a}) 

J ° a£G(F_) 

= f L Y (t,y)u G (dy), t<S Y (R) , P-a.s. 
Jr 
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which is (|5.12p . Hence, we have proven (hi). To show (i), it remains to use Lemma \3. 131 and (|5.9[) fii') 
implies immediately that (pTT!) is fulfilled for (F,F) = (G(X),¥). To verify (ii), from Theorem ETT81 
we see at once that Eq. (I5.9p fi) is satisfied for X = H(Y). Moreover, via Lemma \3. 131 we conclude 

Ll{t, a) - L*(t, a-) = \ (L Y + {t, G{a)) L Y _{t, G{a))) 
= Ll(t,G(a))u G ({G(a)}) 

= 2L% l (t,a)v{{a}), t < S*, a £ F_, P-a.s. 

Finally, to deduce (iv) it just remains to show that the conditions (i) and (ii) of Theorem 13.261 are 
fulfilled. If F_ is infinite, then, using Eq. (|5.9p (4i). Corollary 12.41 and the assumption on v, we obtain 

J2 \L*(t,a)-LX(t,a-)\<2 £ L*(t, a) \u\({a}) < +oo, t < S*, P-a.s., 

i.e., condition (i) of Theorem 13.261 is satisfied. Furthermore, let {01,02, . . .} be an arbitrary enumer- 
ation of F- . Then, again by Eq. (|5.9I) (ii) , we have 

a*) -£*(., a*-))] = f 2L*(t,v) V (dy) 

\i=l / neN J{a 1 ,...,a„} 

which for n — > +oo clearly converges P-a.s. locally in variation on [0, S^) to 

[ 2LX(t,y)v(dy)<+™. 

Hence, condition I3.26f ii) is also fulfilled, which ends the proof. □ 

For uncountable F or, equivalently, for uncountable F_, the equivalence of (|5.12[) and (|5 . 14[) does 
not hold in general. Indeed, in case of an uncountable set F- it is possible that and hence v G , which 
are concentrated on the Lebesgue null sets F_ and G(F-), respectively, have a singular continuous 
part besides a singular discrete part. Thus we cannot justify the last equality in (|5.15l) . 

Proposition ^ . 1 1 1 reveals the relation between solutions of Eq. (|5.9p . in which we control the jumps 
of in the points of F_ by i/, and solutions of Eq. (|3.9p . which additionally possess a drift of type of 
Eq. (|1.4p . This is the point where the results of H.J. Engelbert and W. Schmidt [B] and [7] concerning 
equations of type (|1.4I) come into play. As in (jl.6p and according to [5], Theorem 2.2 and Corollary 
2.5 and 2.6, we always suppose 

u({a})<l/2, aeF_, 

which implies v G ({a}) < 1/2, a £ G(i 7 L). On the one hand, we want to exclude the phenomenon of 
reflection in the points of which is described by v({a}) = 1/2. On the other hand, if we have 
v({a]) > 1/2, and therefore v G {{a]) > 1/2, for an a £ F- , then, in general, the existence of a solution 
to an equation which has a drift of type (jl.4p fails. 

Concerning the existence of skew good solutions of Eq. (|l.ip we can state the following theorem. 

Theorem 5.16. (i) Let F be arbitrary. Suppose Eb/^/J ^= * s satisfied. Then for every initial 
distribution there exists a skew good solution of Eq. M.l\) with skewness parameter v. 

(ii) Let F be countable. Then for every initial distribution there exists a skew good solution of Eq. 
hl.l\) with skewness parameter v if and only if the condition E h j ^jj C iV& is satisfied. 

Proof. To prove (i) and the sufficiency of the condition E b j^j C Nt in (ii), we choose an arbitrary 
initial distribution [i. Lemma 14. II implies E a C N a . Hence, by Theorem II .lOf i) the equation 

Y t = Y + f a(Y s )dB s + f L Y + {t.,y) V G {dy) 
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possesses a solution (Y,¥) for the initial distribution /i o G 1 . Moreover, since we have E c a C G(R), 
from Lemma Tl. 91 we obtain Y t — Y tAS Y , t > 0, P-a.s. Analogously to p. lip , we deduce 



G(ffi) 

rt 



I l G(F _)(r s )dr s = / t G{F _){Y s ) f L Y + {ds,y) V G {dy), t 
Jo Jo Jr 



< Sq/d\ , P-a.s. 



Using (j A.4[) and the fact that v G is concentrated on G(F_), it follows 

/ l G(F _)(r s )dr s = / L^(t,y)z, G (dy), t<S^ w , P-a.s. 
Jo 

Thus, (F, F) is also a solution of Eq. Finally, PropositionETEJii) implies that (X, F) = (if(T), F) 

is a skew good solution of Eq. (11.11) with skewness parameter v and initial distribution /i. 

To prove the necessity of E b j^j C TVb in (ii), we fix xo € ^b/V7 anc ^ ^ a ^ e a s ^ ew g°°d solution 
(X, F) of Eq. (jl.ip with skewness parameter v started at Xq = xq. Setting Y = G(X), by Proposition 
I5.11f i) we conclude that (Y, F) is a solution of Eq. (|3.9[) satisfying 

Y t = Y + f a{Y s )dB s + f L Y + {t,y) V G {dy), t < S Y , R) , P-a.s. 
Jo Jr 

Lemma T4 . 1 1 implies Yq = yo = G(xq) E E a . Choosing an interval (a, b) which satisfies yo £ (a,b) and 
[a,b] C G(R), we define the F-stopping time 5* := inf{t > : Y t ^ (a, b)}. For the stopped process 
Yl := YsAt, t > 0, we obtain 



(5.17) 



rSAt r 

Y t s = yo + / a(Y s ) dB s + / L Y + {S A t, y) V {dy) 
Jo Jr 

= yo+ f cr(Yf) dB s + f L\ S (t, y) u G (dy), t > 0, P-a.s. 
Jo Js. 



where we used S < S Y ^ and, in particular, S < Sqq^. on {Sq,^, < +00} to write t > instead of 
t < S Y ( R y Moreover, the relation L Y (S At, y) = L yS (t,y), t > 0, y € K, P-a.s. can be easily deduced 
from (|A.2|) . Introducing v9 b s := v G { . n (a, b)), due to (|A.6|) the drift part of can be rewritten as 

(5.18) / L YS {t,y)v G {dy) = f L Y + S (t, y) v G b) (dy), t>0, P-a.s. 

Jr, Jr 

Summarizing, (Y S ,F) is a solution to an equation of type (|1.4j) started at yo £ E a . Hence, Lemma 
11.91 implies Yf = yo, t > 0, P-a.s. and similar to (|4.7I) and the lines thereafter we conclude E b /^j C 
N b . □ 

For skew good solutions of Eq. (|l.ip the following uniqueness result holds. 

Theorem 5.19. (i) Let F be arbitrary. Suppose E b j^j C Nb- If for every initial distribution Eq. 
(Q77J) possesses a unique skew good solution with skewness parameter v, then it holds E b ,^j = Nb. 

(ii) Let F be countable. Then for every initial distribution Eq. \5. 9\) possesses a unique skew good 
solution with skewness parameter v if and only if the condition E b ^ = JVj is satisfied. 

Proof. The proof is accomplished similarly to the proof of Theorem l4.8l To begin with we show (i) and 
the necessity of E b ,^j — Nb in (ii). For this purpose, let us assume that, for every initial distribution, 
Eq. (jl.ll) possesses a unique skew good solution with skewness parameter v. In case of a countable 
set F by means of Theorem l5.16r ii'). this implies E b i y jj C Nb- For uncountable F we suppose that 
Eb/^/j Nb holds. Now we accomplish this part of the proof by contraposition. Let us assume that 
E h j^-f = Nb does not hold, i.e., there exists an xq £ E^^jDNb- Then, clearly, X = xq is a skew good 
solution of Eq. (|5.9p with skewness parameter v. On the other hand, we can also find a non-trivial 
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skew good solution of Eq. (|l.ip with skcwness parameter v started at xq. Indeed, because of Lemma 
14.11 E h j^j C Njj implies E a C N a . Hence, there exists the so-called fundamental solution (Y,¥) to 

Y t = Y + f a(Y s )dB s + [ Ll(t,y)v G (dy) 
Jo ii 

started at yo = G(xq) £ E% fl A^ and Y is non-trivial (see 0, Definition (4.16) and Theorem (4.35)). 
Moreover, using the same arguments as in the first part of the proof of Theorem l5.16[ it follows that 
(Y,¥) also solves Eq. ([3"1?]) . Via Proposition ISTTlT ii') we conclude that (X,¥) given by X = H(Y) is 
a non-trivial skew good solution of Eq. (jl.ip with skewness parameter v and initial point xq ■ 

To show that the condition E b /^j = Nf, is sufficient in (ii), we take two skew good solutions 
(A^F 1 ), £ = 1,2, of Eq. (|5.9|) with skewness parameter v defined on (il 1 , F l ,P l ), i = 1,2, which 
possess the same initial distribution. Via Proposition l5. 1 If i - ) we conclude that (V l ,F l ) := (G(AT*),F Z ), 
£ = 1,2, are two solutions of Eq. (|3.9p with identical initial distributions which satisfy (|5.13[) . As 
in the proof of Theorem 14.81 we take a sequence [a n ,b n ], n G N, which satisfies (|4.9[) . Defining 
5* := inf{i > : Yj <£ (a„, &„)}, n £ N, £ = 1, 2, and setting V/' n := F/ AS< , t > 0, n G N, similar to 
(|57TT|) and (j5T8| . it holds 

V/'" - V * + f a n {Yi' n )dB\ + f LX' n {t,y)v%{&y), t > 0, P ! -a.s., i = 1,2, 

where er„ := fl(o n ,6„)) := vG { ■ ^ (in, b n )) and S 1 , £ = 1,2, is the corresponding Wiener process. 
That means, (V 1 '™, F), i — 1,2, are solutions to the same equation of type (|1.4[) with identical initial 
distribution. The remaining part of the proof is now accomplished as in the proof of Theorem 14.81 
after (|4TTU|) □ 

Similarly to Corollary 14.111 we can give the following Corollary to Theorem 15.161 and 15.191 and 
Proposition 15.111 

Corollary 5.20. Suppose \F A n [— N,N]\ < +oo, JYeN. Then the following statements hold. 

(i) For every initial distribution there exists a skew solution of Eq. with skewness parameter 
v if and only if the condition E h j C Nf, is satisfied. 

(ii) For every initial distribution there exists a unique skew solution of Eq. U.l\) with skewness 
parameter v if and only if the condition E h j s j-j — Nf, is satisfied. 

Appendix 

Let (X, F) be a stochastic process with values in (R, defined on a probability space (il, F, P) 

and let S be an F-stopping time. We call (X, F) a scmimartingale up to S if there exists an increasing 
sequence (5' n ) ne N of F-stopping times such that S = lim„^ +00 S n and the process (X n ,¥) obtained 
by stopping (X, F) in S n is a real- valued semimartingale. Analogously, we introduce the notion of a 
local martingale up to S. We notice that if S = +oo P-a.s., then any semimartingale up to S is a 
semimartingale and any local martingale up to S is a local martingale. 
If (X, ¥) is a semimartingale up to 5, then we can find a decomposition 

(A.l) X t = X + M t + Vt, t< S, P-a.s., 

where (M, F) is a local martingale up to S with Mq — and (V, F) is a right-continuous process whose 
paths are of bounded variation on [0, t] for every t < S and with Vb = 0. If X is continuous on [0, S), 
then there exists a decomposition such that M and V are continuous on [0, S) and this decomposition 
is unique on [0,5). For any continuous local martingale (M, F) up to S by (M) we denote the 
continuous increasing process, which is uniquely determined on [0,5), such that (M 2 — (M),F) is a 
continuous local martingale up to 5 and (M)q — 0. For a continuous semimartingale (X, F) up to 5 
we set (X) = (M), where M is the continuous local martingale up to 5 in the decomposition (lA.ip 
of X. 
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We recall some facts which are well-known for continuous semimartingales. See for example [14j . 
Ch. VI, §1. Their extension to semimartingales up to a stopping time S is obvious. Let (X,¥) be a 
continuous semimartingale up to the F-stopping time S. Then there exists the right local time L x 
which is a function on [0, S) x R into [0, +00) such that for every real function / which is the difference 
of convex functions the generalized Ito formula holds: 

(A.2) f(X t ) = f(X )+ f f_(X s )dX s + \ f L x (t,y)df' + (y), t < S, P-a.s. 

Jo 1 Jo 

Thereby, f' + (resp. f'_) denotes the right (resp. left) derivative of /. Moreover, there exists a modifi- 
cation of L x which is increasing and continuous in t as well as in y right-continuous with limits from 
the left and we always use this modification. 
By L x we denote the left local time given by 

L x (t,y)=L x {t 1 y-) 1 t<S,yeR. 
For the local times the so-called occupation times formula 

(A.3) J g(X s ) d(X) s = J^L X (t, y) g(y) dy , t < S, P-a.s. 

holds true for every locally integrable or non-negative measurable function g. Moreover, the local 
times satisfy 

(A.4) f t {y} (X s )L x (ds,y)=L x (t,y), t < S, y G R, P-a.s., 

Jo 



(A.5) L x (t, y) - L x (t, y) = 2 [ l {y} (X s ) dV s , t < S, y G R, P-a.s. 

Jo 

and 

(A.6) L x (t,y) = 0, t<S,y£ 

The following lemma describes the relation between the local times of a continuous semimartingale 
(X, F) and of the transformed semimartingale (f(X),¥) in case that / is a semimartingale function 
with certain properties. This lemma is a slight modification of [I], Lemma 1.1.18, and the proof of Q] 
can be easily adapted to the situation of the following 

Lemma A. 7. Let (X, F) be a continuous semimartingale up to S. Furthermore, let f : R — ► R be 
a function such that its restriction to the interval I — (ri,r2), —00 < r\ < r-i < +00, is absolutely 
continuous and strictly increasing: 

f(x) = f(x )+ I f(y)dy, xel, 

Jx 

where xq G I is a fixed point. We assume that in every point y G I the function f admits a limit 
from the right f / (y+) and from the left f'(y—) in [0, +00]. Moreover, we suppose that (f(X),¥) is a 
continuous semimartingale up tgs := S A inf{< < S : X t ^ 1} with the property 

(f(X)) t = [\f(X s ±)) 2 d(X) s , t < S, P-a.s. 
Jo 

Denoting N± := {x G / : f'(x±) = +oo} ; then it holds 

L f ± iX) (tJ(y))=L x (t,y)f(y±), t<S,yeI\N±, P-a.s. 

9 inf = +00 



min X s 

0<s<t 



max X s 

0<s<t 



P-a.s. 



27 



The next theorem is a useful convergence result. 
Theorem A. 8. Let (X, F) be a continuous semimartingale up to S with decomposition 

X t =X Q + M t + V t , t< S, P-a.s. 
Furthermore, let /„, n € N, / and h be measurable real-valued functions with 

lim /„ = / X-a.eB 

n— >oo 

and 



Moreover, we assume 



\fn\ < h X-a.e., n <E N. 



/ h 2 (X s )d(M) s < +00, t<S, P-o.. 
Jo 



Then the stochastic integrals of f„(X), n € N, and f{X) with respect to M on [0,S) are well-defined 
and for every t > we have 



lim sup 

n-xx> <s<t 



/„(X u )dM u - / f(X u )dM u 



on {i < S} 



in probability. 

Proof. We remind of (X) = (M). Using the occupation times formula (IA.3|i . we get 

fl{X s )d{M) s < [ h 2 (M s )d(X) s <+^, 



t < S, P-a.s. and by observing |/| < h 



[ f 2 {X s )d(M) s < +00, t<S, P-a.s. 
Jo 



This means, as claimed, that the stochastic integrals are well-defined. From our assumptions we now 
deduce 



lim \f n (y)-f(y)\ 2 L^(t,y) = A-a.e., t < S, 

n—toc 



and 



\fn(y) - f(y)\ 2 Ll (t, y) < 4h 2 (y) L* (t, y) A-a.e., t < S, n E N. 
Furthermore, it holds 

/ 4h 2 (y) L* {t, y)dy= f 4h 2 (X s )d(M) s < +00, t< S, P-a.s, 
Jr Jo 

where we again applied the occupation times formula (IA.3I) . By means of Lebesgue's dominated 
convergence theorem these observations justify for every t < S P-a.s. 



(A.9) 



n— >-+oo 



n— ^-+00 



lim / \f n {X s )- f{X s )\ z d{M) s = lim / \f n (y) - f(y)\ 2 L* (t, y) dy = . 



Let (S'fc)feGN be an increasing sequence of F-stopping times such that lim/ c _ i . +00 Sk — S P-f.s. and for 
every k £ N the process M k obtained by stopping M in Sk is a continuous local martingale. Fixing 
t > 0, (|A.9|) implies for every k <E N 



lim 

n— >-+oo 



\f n (X s )-f(X s )\ 2 d(M s ^) f 



lim 

71— > + 00 



tA5 fe 



|/ n (X s )-/(X s )| 2 d(Af) s = 



J A denotes the Lebesgue measure 011 
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in probability on {t < S}. Therefore, for arbitrary e > we conclude 

> e \ n {t < S} 



lim P I < sup 

n^+oo \ [o<s<t 



f n (X u )dM u - / f(X u )dM u 

o Jo 



< lim P < sup 



n— f +00 



0<s<* 



f n (X u )dM^- / f(X u )dM- 
Jo 



> e| n {t < s k } 

+ P ({S k <t<S}) 



P ({S k <t<S}) 



for all k G N, where the last equality is justified by [TU], Prop. 3.2.26. Finally, the assertion follows 
since linifc_j. +00 Sk = S P-f.s. □ 
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